Phase field theory is widely used to model multi-phase flows. A drop can shrink or grow spontaneously due to the redistribution of interface and bulk energies to minimize the system energy.
In recent years, the phase-field model has received extensive attention in the fields of natural sciences and engineering applications, such as solidification and crystal growth [1] [2] [3] , crack propagation [4, 5] , multiphase flows [6, 7] and moving contact line [8, 9] . Within this framework, the interface between two-phase fluids is treated as a thin layer of several grid sizes instead of a sharp interface. The interfacial profile can be identified by a suitably defined phase field variable, which is usually described by certain diffusive models such as the Cahn-Hilliard equation or the Allen-Cahn equation. A striking advantage of the phase-field model is free of explicitly tracking the interface between two-phase fluids, which leads to the phase field method easy to implement for interfacial dynamics in complex flows [6, 10] .
However, it is found that the size of a circular bubble can shrink to zero due to the dissipative mechanism in the phase field theory framework [11] . Yue et al. [12] noticed that the interface can shrink slightly even when the interface of a drop is initialized by the exact hypertangential profile. Similarly, Lee et al. [13] observed that the radius of a droplet decreases first and then reaches a steady-state value in simulations. To understand this behavior, Yue et al. [14] made a theoretical analysis of the Cahn-Hilliard model and found there existed a critical drop radius dependent on the domain size and interface width, below which the droplet will eventually disappear. Following the same procedure of Yue et al, zheng et al. [15] demonstrated that there is a similar critical radius for a pseudo-Vander Waals fluid in the single-fluid diffuse interface method. However, in both works, no solid walls are involved and the result is inapplicable to systems with solid bodies. In deed, it was found numerically that a drop on a solid surface can shrink with different rates for varying wetting properties [15] . As the wetting of liquid on the solid surface is of great importance in defining the flow characteristics [16, 17] , it is important to study the critical behavior of a droplet on a solid surface. In this paper we will present an such analysis in view of the Cahn-Hillard equation.
The Cahn-Hillard equation for an immiscible two-phase system can be written as
where φ is the phase-field variable, i.e., φ 1 = 1 in fluid 1 and φ 2 = −1 in fluid 2, M is the mobility which is assumed to be constant in the present study and µ is the chemical potential defined from the mixing energy in the whole domain. For a two-phase system with a solid surface, The total mixing energy combines a bulk contribution from the Ginzburg-Landau free energy and a surface energy contribution from the substrate [18] ,
where f (φ) = β(φ 2 − 1) 2 is a double well potential, κ is a constant and ∂Ω is the boundary of computational domain Ω. Both β and κ are related to the interface tension σ and the interface thickness W , i.e., β = 3σ/(4W ), κ = 3/(8σW ). The wall energy f w can be given by [19] ,
where σ w1 (σ w2 ) is the fluid-solid interfacial tension between the wall and fluid 1 (fluid 2), θ is the static contact angle. As shown in Fig. 1 , the contact angle satisfies the Young's equation, i.e., σ w2 − σ w1 = σ cos θ,. The chemical potential µ is defined by For the Cahn-Hilliard equation, it can be easily identified that the total mass is conserved,
and the total energy of the system is non-increasing over time,
with the following boundary conditions,
n · ∇µ| ∂Ω = 0,
where n is the unit normal vector pointing into the wall. These two properties play important roles in analyzing the critical radius of a drop on a flat solid surface.
We consider a general case where a drop with initial radius R 0 is in contact with a flat solid surface in a domain with size L × L × L, as shown in Fig. 2 . Following the same assumption of Ref. [14] , there is an equal and uniform shift δφ inside and outside of the drop when the drop radius shrink to R from R 0 . In addition, we further assume that the contact angle remains unchanged and the shape of the drop maintains a spherical cap during shrinking. With these assumptions, we can estimate the critical radius of the drop on the solid surface.
From Fig. 2 , it can be seen that the volume of spherical cap is
with H = (1 − cos θ)R being the height of the spherical cap. According to the conservation property of the phase field variable, the shift of φ is
where θ c = (cos θ) 3 − 3 cos θ + 2 and V = L 3 is the volume of the domain. Although R 1. By neglecting cubic and quartic terms in δφ, the system free energy F (R) can be approximated by
where S = 2πRH is the area of the surface of spherical cap, d 1 = π(sin θR) 2 is the area between fluid 1 and the solid surface and D is the total interface area between the fluids and the solid surface. As the surface energy of the drop in the three-dimensional (3D)
space is proportional to area (for two-dimensional case, the surface energy is proportional to perimeter), the above equation can be rewritten as,
where r = R 2 . As shown in Fig. 3 , the critical radius of the drop should correspond to an inflection point of the system energy, below which the energy decreases continuously. Thus we explicitly give the first to third derivatives of F (r) with respect to r, 
Based on Eq. (15), a inflexion point R i can be determined from | R=R i = 0. As a result, the critical radius is given by
suggesting that the drop with R 0 < R c will disappear eventually due to energy minization.
The resulting formula is suitable to all contact angles (i.e., θ ∈ (0, π]) although the contact angle in the above derivation is less than π/2. In particular, as θ = π, the solid surface is completely non-wetting, the wall effect can be ignored, and the formula of the critical radius can be reduced to the result for a droplet without walls in [14] . Similarly, the critical radius of a two-dimensional (2D) drop can be determined as We now demonstrate numerically the theoretical critical radius of a drop on the solid surface with various contact angles varying from π/6 to π using the lattice Boltzmann method [20] . A uniform cartesian grid is used and all simulation parameters are expressed in lattice units. First, we verify the relationship between the critical radius and the domain size as well as interface width. In the simulations, the domain is L × L for 2D simulations and L × L × L/2 for 3D simulations. The parameters σ is fixed at 0.05. Figure. To further illustrate the effect of contact angle on critical radius, a drop of radius R = 33
in contact with the solid surface with θ = 80
• or 100
• is simulated in a domain size of • is close to a steadystate shape, which is in line with the theoretical prediction. As the Cahn-Hilliard dynamics tends to minimize the system energy, the equilibrium state of a drop should correspond to the minimum energy of the system. Thus, we also plot the energy curves of the above two drops, as shown in Fig. 8 . As seen, the energy of the drop with θ = 80
• finally decreases to zero while the total energy of the drop with θ = 100
• approaches a non-zero stable value, which confirms the theoretical predictions Eq. (17) and Eq. (16) .
In this paper, we carried out a theoretical analysis of the spontaneous shrinkage of a drop on a flat surface with a wetting boundary condition. It is shown that there exists a critical radius for the drop related to the domain size, interface width and the contact angle. All drops below the critical radius will eventually vanish. The critical radius could be rather 
